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In this paper we have established a theorem on the local Property 
of | iV, p n , a n ; S\ k summability of factored Fourier series. 
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I. INTRODUCTION 



defines \N , p n \ - means of the sequence {s n } generated by 
the sequence of coefficients {p n }. The series ^^Cl n is said 



Let ^ a n be a given infinite series with sequence of partial to be summable \N, p n \ k , > 1, if 
sums {s n } . Let {p n }be a sequence of positive real constants 
such that 



r P a 



\t -t 



< 00 



(1.3) 



p „ = TPv -> 00 as " -> 00 (P, = P-i = 0,i > 1) (1.1) 



The sequence- to - sequence transformation 

r v=o 



(1.2) 



For k=l , ■ summability is same as |iV, p n \ 
summability. 

For k= 1 , |iV, P n \ k " summability is same as \N , p n \ 
summability. 
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When p n = 1, for all n and k = 1 , \N,p n \ - summability is 
same as |C, l| - summability. 

Let \a n } be any sequence of positive numbers. The series 
is said to be summable \N , p n ,CC n \ k , k > 1 , if 



f 1 A 



00 A -I 

1 a* 



* n l n-\ 



< 00 



(1.4) 



Where {t n }is as defined in (1.2).The series is said 

to be \N 9 p n9 a n ;S ,k>l,S>0 summable if 



n=l 



\ n n-\\ 



For (5 = 0, the summability method 



N 9 p n9 OC n \S ,k > 1,5> 0, reduces to the summabilty 



method 



N,P n ,a n 



,Ar >1. 



A sequence }is said to be convex if A 2 /l w > 0 for every 
positive integer n. 

Let f\t) be a periodic function with 
period 2ti and integrable in the sense of Lebesgue 
over {—71, 7l) . Without loss of generality we may assume 

that the constant term in the Fourier series of f{t) is zero, 
so that 

00 00 

f{t) ~ X(a„ cosnt + b n sinnt) = (1-6) 

n=\ n=\ 

It is well known that the convergence of Fourier 
series at t = x is a local property of f (t). (i.e., it depends only 
on the behavior of f (t) in an arbitrarily small neighbourhood 
of x) and hence the summability of the Fourier series at t = x 
by any regular linear method is also a local property of f (t). 



II. KNOWN THEOREMS 



Dealing with the 



N,P n 



summability of an infinite series 



Bor [1] proved the following theorem: 



THEOREM 2.1: 



Let k > 1 and let the sequences 
p n } and [\ } be such that 



AX =0 



< 00 



(2.1) 



(2.2) 



and 



X(x;+i)|A4,|<oo 



where X n — — — .Then the summability N,p 

n P n 



(2.3) 



of the 



(1.5) factored Fourier series ^ j A n (t)A n X n at a point can be 



ensured by the local property. 

Subsequently Misra et al [2] proved the following 
theorem on the local property of \N, p n ,CC n \ k summability 
of factored Fourier series: 

THEOREM 2.2: 

Let k > 1 . Suppose \X n } be a convex sequence 
such that ^ft~k is convergent and {p n } be a sequence 



such that 



AX n =0 

f 



n-r-l 



O 



Pn-r-l P r 



P n-1 Pr 

Ik) ^ = o 



m+l 



V 

k-l 



n=r+\ 



A. 



k-l \"n 



< oo 



(2.2.1) 
(2.2.2) 

(2.2.3) 
(2.2.4) 



and 



< 00 



(2.2.5) 



where X , 



n Pn 



Then the summability 



\N 9 p n , a n , k > 1 of the factored Fourier 



series 



^^A n (t)A n X n at a point can be ensured by the local 

n=\ 

property, where \ct n } is a sequence of positive numbers. 
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In what follows, in the present paper we then for the sequence of positive numbers , the series 
establish the following theorem on |A^, p n ,a n ,S\ - „ 

summabilty of a factored Fourier series through its local ^ a n \ X n is summable \N,p n ,a n9 S\ k ,k > 1,8 > 0 . 

property. n=l 



III. MAIN THEOREM 



Let k > 1 . Suppose } be a convex sequence such that 
^f2 _1 /l w is convergent and {p n } be a sequence such that 



AX =0 



(-) 
[n] 

f 



n-r-l 



= 0 



P n-r-l 



V P n-l Pr 



Sk+k-\ 



m+1 

zw 

n=r+\ 

U I 

2X* — 



Pn—r 



< oo 



= 0 



and 

lit 



V vt -. Kl „ 

„=i n 



(3.1) 



(3.2) 



(3.3) 



(3.4) 



(3.5) 



5. PROOF OF THE LEMMA: 

Let {j^ jdenote the |iV, p n | -mean of the series 

00 

^ fi( n A n X n .Then by definition we have 



2 n v 



n v=o 



^ n n 
— Ya a r X r X rYaPn-v 



n r=0 



n r=0 



Hence 



n r=l 



n-l r=\ 



where X = 



Then the summability 
|iV, p n ,(X n ,S\ k , k > 1 of the factored Fourier series 

00 

y ^ j A n (t)A n X n at a point can be ensured by the local 



/?=! 



property, where } is a sequence of positive numbers . 



=z 



> p ^ 



n-l y 



p p 

1 rc 1 n-l r=l 



In order to prove the above theorem we require the following 
lemma: 



IV. LEMMA 

Let k > 1 . Suppose } be a convex sequence such that 
l A n is convergent and {p n } be a sequence such that 
the conditions (3.1)-(3.5) are satisfied. If {s n } is bounded 



P P 

1 n 1 n-l 



^i P n-rPn-l-Pn-r-fn)KXr} 



.r=\ 



Yu a v 

v=l 



pp_ 



ts(PnJn-rPn-r4 P n)K X r S r 



r=\ 

(By Abel's transformation) 
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= 0{\)Y J \K\ k X k r F ^ -by (3.3) 



= T nA +T n , 2 +r„ 3 +T nA +T n j + T nfi (say). 

In order to complete the proof of the theorem by using _ nn \\^\n \ k v /c-i P r Y 
Minokowski's inequality, it is sufficient to show that ~~ ^ 'ZJ A r p > as n 



r r r 



n Pn 



00 j 

ZK) <°° Mi = 1,2,3,4,5,6. 



Now, we have 



n=2 



U I 

= o(i)X^" 1 ^- 

= O(l) as m oo , by (3.4). 
Further, 

™ + \ Sk+k-l , .t 

Zte) W 

n=2 



m+1 



=Zte) 



/?-2 



n-1 



m+1 



1 n 1 n-l r=\ 



=2K) 



77 = 2 



1 



P n P n -l r=l 



n=2 



n \r=l 



m+1 



f 1 n-1 \ < 



n=2 " n \r=l J{ K r=l 



m+1 



=oa)ZW'^ZK) 



Pn—i 



r=l n—r+1 
=1 



, P . 

V r n J 



=0a)ZlHf^Zte) 



n=r+\ 



<%+/fc-l f P 

j w-r-l 

V « J 



= 0(l)Z\K\ k X*f - , by (3.3) 



= 0(l)±\A r \ k X k r - 1 ^^,as 



r=l 



P r rp r 



u.. 



Since -^-Z^il^vl * ZKI = °C0 

K r=\ r=\ 
m n 

= 6>a)ZI A ^r x "^r ' b y( 3 - 3 > 

r=l * r 



171 h D P P 

r=l ^ ^Pr ^« 



= 0(1) <xs m -> oo , by (3.4). 
Next, 



m+1 



_ „ Sk+k-l , 

ZK) t 

n=2 



L n,2\ 



[A/I I 

r=l r 

= O(l) <zs m — » oo , by (3.5). 
Now, 



_ «5 

=ZK) 



rc=2 



n-1 



m+1 



(5/c+/c-l , .£ 

,4 



m+1 ^+£-1 1 / n-1 \ I 1 n_ l 

*Zte) "iHZ^WkK hrZ*~ 



\*-i 



n=2 



r n-l V r=l 



ZK) ~\ T * 

n=2 

2*+l Sk+k-l 

=ZK) 

n=2 



1 



PP ^ 

1 n 1 n-l r 



u— i 

YP 7 PAZXs 

/ j n-r-2 n r r r 



m+1 



=oa)ZW*^ZK) 



P L 

1 n-\ r=\ J 

f \ 
Pn- 



r=l 



=r+l 



P 

V r n-l J 



<V( a ) _L V P JAAfU x 1 — TP JAA 

Lj\ 11 / n 1 r| | r| r p n-r-2 1 r 

n=2 t n -\ \ r=\ J\ " n -\ r=\ 



771+1 



= 0(l)X|AA r fx:XK) 



n=r+l 



V r n-\ J 



, (as above) 
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/;?+! 



D 

= 0(l)£|AA r |*X*^- , by (3.3) 



r=l 



= 0(l)X|A^| fc Z r i - 1 ^^,asX ^ 



r=l 



/c-1 i" /■ ' r 
k 



n Pn 



m A2 , 

= o(i)£x-^- 

r=l r 

= 0(1) as cc, by (3.5). 
Again 

IK) fci 



n=2 



= ZK) 



1 £ p.,, 1, •!..,<«,« 



= ZK) 



ti=2 



P P 



77=2 



777 + 1 



=ZK) 

77=2 

m+1 5 

=ZK) 

77=2 

m+1 tf 

= ZK) 

71=2 

m+1 s 

=Zk) 



1 Z^^A^A 



P P 

1 n 1 n-l r=l 



77-1 p 

Zif^i^A 



77-1 



S Pn-r-2 P r 



71=2 



m+1 



=ZK) 



77-1 

Z 



77-1 



^-2 




P„- r -2 








Pn-r-2 





r 



, by (3.2) 



, by (3.1) 



t P„-2 Pr 



, as 



X, 



n Pn 



=ZK) 



77=2 



=ZK) 



77=2 



=ZK) 



77=2 



z 



z 



z 



Pn—r—l r 



Pn-X 


Pr 


Pn-r-X 


Pr 


K-X 


Pr 


Pn-r-X 


Pr 


P n -x 


Pr 



\ +1 AX r s r 



K+X S r ■ 



, by (3.2) 



, by (3.1) 



as 



P 



n=2 I r=l Vl I I r=l Vl 



, jfe-1 



=o(i)ZK +1 fx*2>„) 



m+1 



7=1 



77=r+l 



Pn-r- 
4 P 

V r n-\ J 



m k k 1 P P P 

^0(\)Y\K + l\ X ^V^' aS X n = aild 

r=i P r rp r np n 

by (3.3) 

= 0(1) as ffi — ^ oc , by (3.4). 
Finally, 



™±± Sk+k-l n-i 



, /c-1 



77=2 



. r=l ^ n -2 



m+1 



/c I lit 
r+l I \ S r\ 



X " Z 



/Vr-2 



=oa)ZW **Zk) 



77=r+l 



P77- 



v P 



By (3.3) 



, as 



I, 



^77 



and 



= 0(1) as cc, by (3.4). 
This completes the proof of the Lemma. 

V. PROOF OF THE THEOREM 

Since the behavior of the Fourier series, as far as convergence 
is concerned, for a particular value of X depends on the 
behavior of the function in the immediate neighborhood of 
this point only, thus the truth of the theorem is necessarily the 
consequence of the Lemma. 

VI. Conclusion 

The paper provides an analytic idea in the field of 
summability theory. In future, the present work can be 
extended to establish some theorems on different indexed 
summability factors of Fourier series as well as conjugate 
series of Fourier series under certain weaker conditions. 
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